Predicting the number of interactions that species in a food web will establish is an important task. These trophic interactions underlie many ecological and evolutionary processes, ranging from biomass uxes, ecosystem stability, resilience to extinction, and resistance against novel species. We investigate and compare several ways to predict the number of interactions in food webs. We conclude that a simple beta-binomial model outperforms other models, with the added desirable property of respecting biological constraints. We show how this simple relationship gives rise to a predicted distribution of several quantities related to link number in food webs, including the scaling of network structure with space, and the probability that a network will be stable. 2 web research paid so much attention to counting species, counting trophic links, and uncovering 3 the relationship that binds them -and it is undeniable that these inquiries kickstarted what is now 4 one of the most rapidly growing elds of ecology [1] . More species ( ) always means more links 5 ( ); this scaling is universal and appears both in observed food webs and under purely neutral 6 models of food web structure [2]. In fact, these numbers underlie most measures used to describe 7 1 food webs [3]. The structure of a food web, in turn, is almost always required to understand how 8 the community functions, develops, and responds to changes [4,5], to the point where some au-9 thors suggested that describing food webs was a necessity for community ecology [6,7]. To this 10 end, a rst step is to come up with an estimate for the number of existing trophic links, through 11 sampling or otherwise. Although both and can be counted in nature, the measurement of links 12 is orders of magnitude more di cult than the observation of species [8,9]. As a result, we have far 13 more information about values of . In fact, the distribution of species richness across the world 14 is probably the most frequently observed and modelled ecological phenomena. Therefore, if we 15 can predict from in an ecologically realistic way, we will be in a position to make rst order 16 approximations of food web structure at large scales, even under our current data-limited regime.
Introduction
Community ecologists are fascinated by counting things. It is therefore no surprise that early food species times a constant:
with ≈ 2. This model imagines that every species added to a community increases the number 36 of links by two -for example, an animal which consumes one resource and is consumed by one 37 predator. This model started to show its de ciencies when data on larger food webs became avail-38 able: in these larger webs, increased faster than a linear function of . Perhaps then all networks 39 have the same connectance [12] ? In other words, a food web is always equally lled, regardless of 40 whether it has 5 or 5000 species. Under the so-called "constant connectance" model, the number 41 of links is proportional to the richness squared,
where is a constant in ]0, 1[ representing the expected value of connectance. The assumption of 43 a scaling exponent of 2 can be relaxed [12] , so that is not in direct proportion to the maximum 44 number of links:
This "power law" model can be parameterized in many ways, including spatial scaling and species 46 area relationships [13] . It is also a general case of the previous two models, encompassing both link-species scaling ( = 1, ≈ 2) and the strict constant connectance ( = 2, 0 < < 1) depend- 48 ing on which parameters are xed. Power laws are very exible, and indeed this function matches 49 empirical data well -so well that it is often treated as a "true" model which captures the scaling 50 of link number with species richness [14] [15] [16] , and from which we should draw ecological infer-Interlude -deriving a process-based model for the number of links Based on the ecological constraints discussed earlier, we know that the number of links is an 80 integer such that − 1 ≤ ≤ 2 . Because we know that there are at least − 1 links, there can 81 be at most 2 − ( − 1) links in excess of this quantity. The − 1 minimum links do not need to be 82 modelled, because their existence is guaranteed as a pre-condition of observing the network. The 83 question our model should address is therefore, how many of these 2 − ( − 1) " exible" links are 84 actually present? A second key piece of information is that the presence of a link can be viewed 85 as the outcome of a discrete stochastic event, of which the alternative outcome is that the link is 86 absent. We assume that all of these exible links have the same chance of being realized, which 87 we call . Then, if we aggregate across all possible species pairs, the expected number of links is
where ∈ [0, 1]. When = 1, is at its maximum ( 2 ), and when = 0 it is at the minimum value 89 ( − 1). We use the notation to represent that our model considers the number of " exible" 90 links in a food web; that is, the number of links in excess of the minimum but below the maximum.
91
Because we assume that every exible link is an independent stochastic event with only two out- 
Where B is the beta function, is the average probability of a exible link being realized (i.e. the . This suggests that the exible links model will make the best predictions of .
123
To be useful to ecologists, predictions of must stay within realistic boundaries determined by eco-124 logical principles. We generated posterior predictions for all models and visualized them against Here we show the proportion of posterior predictions from each of our 4 models which fall outside ecologically realistic values. The proportion of predictions in the correct range increases with species richness for the constant connectance and power law models. Shaded area shows the 5%, 50% and 95% quantiles of the distribution of S, demonstrating that many communities have potentially incorrect predictions under previous models. networks only: more than 20% were unrealistic for networks comprising less than 12 and 7 species, 138 respectively. Only the exible links model, by design, never failed to predict numbers of links be-139 tween − 1 and 2 . It must be noted that unrealistic predictions are most common in the shaded 140 area of g. 2, which represents 90% of the empirical data we used to t the model; therefore it 141 matters little that models agree for large , since there are virtually no such networks observed. Although we did not use the same approach to parameter estimation as previous authors, our 144 approach to tting these models recovered parameter estimates that are broadly congruent with 145 previous work. We found a value of 2.2 for of the LSSL model ( assumption that might vary between food webs to be more conservative than strictly required).
Parameter estimates for all models

161
The exible links model also uses fewer parameters than the power law model and makes slightly 162 better predictions, which accounts for its superior performance in model comparison (table 1) 163
Connectance and linkage density can be derived from a model for links 164 Of the three important quantities which describe networks ( , and ) we have directly mod-165 elled only. However, we can use the parameter estimates from our model for to parameterize 166 a distribution for connectance ( ∕ 2 ) and linkage density ( ∕ ). We can derive this by noticing 167 that eq. (4) can be rearranged to show how and are linear transformations of :
and
For food webs with many species, these equations simplify: eq. (4) can be expressed as a second 170 degree polynomial, = × 2 +(1− )× +( −1), whose leading term is × 2 . Therefore, when 171 is large, eq. (6) and eq. (7) respectively approach = ∕ 2 ≈ and = ∕ ≈ . A study of 172 eq. (6) and eq. (7) also provides insight into the ecological interpretation of the parameters in our Probability distributions for and 188 In a beta-binomial distribution, it is assumed that the probability of success varies among groups 189 of trials according to a Beta( , (1 − ) ) distribution. Since has a beta distribution, the linear 190 transformations described by eq. (6) and eq. (7) also describe beta distributions which have been 191 shifted and scaled according to the number of species in a community. This shows that just as 192 must be within ecologically meaningful bounds, (eq. (6)) and (eq. (7)) must be as well. The
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connectance of a food web is bounded by ( − 1)∕ 2 and 1, while the linkage density is bounded 194 by ( − 1)∕ and . 195 We can convert the beta distribution for into one for by replacing with the transformation Similarly, we can convert the distribution for into one for by replacing with the transfor-198 mation that gives (eq. (7))
In g. 3, we show that the connectance and linkage density obtained from the equations above t 200 the empirical data well.
201
An analytic alternative to null-model testing 202 Ecologists are often faced with the issue of comparing several networks. A common question is 203 whether a given network has an "unusual" number of links relative to some expectation. Tradi-204 tionally these comparisons have been done by simulating a "null" distribution of random matrices 205 [21, 22] . This is intended to allow ecologists to compare food webs to a sort of standard, hopefully 206 devoid of whatever biological process could alter the number of links. Importantly, this approach 207 assumes that (i) connectance is a xed property of the network, ignoring any stochasticity, and (ii) 208 the simulated network distribution is an accurate and unbiased description of the null distribu-
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tion. Yet recent advances in the study of probabilistic ecological networks show that the existence 210 of links, and connectance itself is best thought of as a probabilistic quantity [18] . Given that con-211 nectance drives most of the metrics of food web structure [17], it is critical to have a reliable means 212 of measuring di erences from the expectation. We provide a way to assess whether the number of 213 links in a network (and therefore its connectance) is surprising. We do so using maths rather than 214 simulations.
215
The shifted beta-binomial can be approximated by a normal distribution: (11) A network where =̄ will have a -score of 0, and any network with more (fewer) links will have 219 a positive (negative) -score. We suggest that the use of a -score could help identify signi cantly links. This undershooting, however, will not in uence any actual z-scores, since no food webs 225 have fewer than − 1 links and therefore no z-scores so low can ever be observed.
226
We should see many di erent Network-Area Relationships
227
Our results bear important consequences for the nascent eld of studying network-area relation- . We then use the posterior distribution of to predict how should scale with . We compare the predictions of our model to that of the generally accepted power law (eq. (3)). While our model predicts a larger linkage density in larger areas (panel B), the con dence intervals around this prediction (grey areas covering the 78% and 97% percentile intervals) are extremely large. In particular, our model scales faster than the power law, but the con dence interval is high (due to the scaling of variance with , eq. (10)). This suggests that we may observe either very weak, or very strong, e ects of area on networks.
Using a power-law as the acceptable relationship between species and area [26, 27] , the core idea 232 of studying NAR is to predict network structure as a consequence of the e ect of spatial scale on 233 species richness [23]. Drawing on these results, we provide in g. 5 a simple illustration of the fact 234 that, due to the dispersal of values of , the relationship between ∕ and area can have a really 235 wide con dence interval. While our posterior predictions generally match the empirical results 236 on this topic [28], they suggest that we will observe many relationships between network structure 237 and space, and that picking out the signal of network-area relationships might be di cult. 239 Our model introduces a puzzling question: can organisms really interact with an in nite number 240 of partners? According to eq. (7), at large values of , the linkage density scales according to × 241 (which is supported by empirical data), and so species are expected to have on average 2 × × indeed, the fact that ∕ increases to worryingly large values only matters if ecological processes 248 allow to be large enough. It is known that food webs can get as high as energy transfer allows 249 [5], and as wide as competition allows [31] . In short, and as g. 2 suggests, since food webs are 250 likely to be constrained to remain within an acceptable richness, we have no reason to anticipate 251 that × will keep growing in nitely.
Stability imposes a limit on network size
252
Network structure may itself prevent from becoming large. May [32] suggested that a network 253 of richness and connectance is stable as long as the criteria √ × < 1 is satis ed, with 254 being the standard deviation of the strengths of interactions. Although this criteria is not necessar-255 ily stringent enough for the stability of food webs [33,34], it still de nes an approximate maximum 256 value ⋆ which is the value of above which the system is expected to be unstable. This threshold 257 is ⋆ = 1∕ √ , where is de ned as in eq. (7). We illustrate this result in g. 6, which reveals 258 that ⋆ falls towards 0 for larger species richness. The result in g. 6 is in agreement with pre-259 vious simulations, placing the threshold for stability at about 1200 species in food webs. These Figure 6 : Stability imposes a limit on network size. Using eq. (7), we can calculate the maximum standard deviation in the strength of interactions which should ensure food web stability, ⋆ = 1∕ √ (panel A). The colored line represent the median value of maximum standard deviation, based on the posterior distribution of the exible links model, and the grey areas cover the 78% and 97% percentile intervals. The ne and dark lines indicate the maximum and minimum value of maximum standard deviation, respectively. The dotted line shows the maximum for the average , as given by eq. (7). The maximum standard deviation falls sharply when the number of species increases, which will limit the stability of large food webs, and therefore explain why Eltonian demons should not emerge. In panel B, we show the probability of a network with species being stable, based on draws from the posterior distribution, for 10 ≤ ≤ 1000 -larger networks (thicker lines) are increasingly unlikely to be stable.
Conclusions
Here we derived eq. (4), a model for the prediction of the number of links in ecological networks of this process. Both of these components can capture our ecological understanding of a system, 315 including any constraints on the quantities studied.
316
Bayesian models are a common set of generative models, frequently used to study ecological sys-317 tems. Here, we de ne Bayesian models for all 4 of the models described in eq. (1), eq. (2), eq. (3) 318 and eq. (4). We use notation from [42], writing out both the likelihood and the prior as a product 319 over all 255 food webs in the mangal.io database. Note that while is shown in these equations for clarity, in the text we use to refer to the 325 parameter after exponentiation. In the above equations, bold type indicates a vector of values; we 326 use capital letters for L and S for consistency with the main text.
Because we want to compare all our models using information criteria, we were required to use species ( ). Although we assume to be xed within one community, the precise value of will suggests that the LSSL model is insu ciently exible to accurately reproduce the data. 
